Topological analysis of chaotic attractor by the mean of template is rather well established for simple attractors like those solution to the Rössler system. Lorenz-like attractors are already slightly more complicated because they are bounded by a genus-3 bounding torus, implying the necessity to use a two-component Poincaré section. In this paper, we enriched the concept of linking matrix to correctly describe algebraically template for attractor with (g − 1) components Poincaré section and whose bounding torus has g interior holes aligned. An example with g = 5 -a multispiral attractor -is explicitly treated.
Introduction
Chaos is now observed in many different fields like physics, astrophysics, astronomy, biology, chemistry, but it remains a challenge to have a conclusive proof for chaos from experimental data, mainly because establishing the existence of an underlying determinism is not trivial [Glass, 1999 [Glass, , 2009 ]. Once such a proof is obtained, a positive Lyapunov exponent can provide an additional characteristics of the dynamics [Wolf et al., 1985; Eckmann et al., 1986 ], but such a number is not very discriminative because it is too dependent on the sampling rate, the amplitude of the oscillation, etc. Moreover, there is no useful information in the largest Lyapunov exponent which can help to understand the deep difference between, for instance, a spiral attractor solution to the Rössler system [Rössler, 1976b] , and the Lorenz attractor [Lorenz, 1963] . In these two examples, a topological analysis was performed in the original papers leading to a branched manifold (a template) which was named "blender" by [Rössler, 1976a] and "isopleths" by [Lorenz, 1963] . From a mathematical point of view, templates were considered by [Williams, 1977] and viewed as knot-holders by [Birman & Williams, 1983] . Periodic orbits thus became central in the topological analysis as first used by [Poincaré, 1899] . Today, a topological analysis is required to be able to qualify an attractor as "new" or not [Letellier & Aguirre, 2012] .
Building the branched manifold is not necessarily the last objective since an algebraic description of template can be developed using linking matrices that encode most, if not all, topological properties synthesized by template [Tufillaro et al., 1992; Gilmore & Lefranc, 2002] . Linking matrices were not too often used by mathematicians, perhaps because they mainly consider the Lorenz attractor which is not easily described by a linking matrix as we will detail in this paper. Indeed, the key step to describe attractors by linking matrices is to recognize that a Poincaré section can have multiple components, a property early introduced by Letellier et al., 1996] and later well justified in the context of bounding tori [Tsankov & Gilmore, 2003 . We will thus show that there is, in fact, one linking matrix per component in the Poincaré section.
The subsequent part of this paper is organized as follows. Section 2 is devoted to the topology of the spiral attractor solution to the Rössler system. This section is the opportunity to introduce many concepts whose few are new and required for attractors characterized by multiple component Poincaré section. Section 3 discusses the case of the Lorenz attractor which is associated with a two-components Poincaré section. This latter case is a useful example to allow us to detail, in a still simple case, the necessity to enrich the concept of linking matrix. Section 4 is devoted to the example of a multispiral attractor bounded by a genus-5 torus and thus characterized by a four-components Poincaré section. Section 5 sums up our procedure and gives some conclusions.
2. The genus-1 spiral attractor
The Rössler system
There are three levels to describe the topology of an attractor: i) the bounding torus, ii) the template and iii) the unstable periodic orbits. We will introduce these concepts in the case of the spiral attractor solution to the Rössler system [Rössler, 1976b] . The Rössler equations
produce a chaotic attractor ( Fig. 1) for parameter values a = 0.43293, b = 2, and c = 4. This system has two singular points
There are both saddle-focus points. Point S − has a two-dimensional unstable manifold and is surrounded by the attractor. Point S + has a two-dimensional stable manifold which is associated with the boundary of the attraction basin.
Bounding torus and Poincaré section
The spiral attractor can be bounded by a semi-permeable surface which is a genus-one torus [Tsankov & Gilmore, 2003 ]. There is a canonical form to represent this bounding torus.
Definition 2.1. [Tsankov & Gilmore, 2003 ] A bounding torus can be projected onto a two-dimensional planar surface in such a way that the projection is a disk with g interior holes and that the flow on the exterior boundary and on these interior holes is in the same direction. By convention, the flow is clockwise. This is the canonical form of a bounding torus.
Any canonical form with g ≥ 3 of a bounding torus is defined by m circles and n polygons, with m + n = g and m > n ≥ 1. The main departure between circles and polygons is that the latter can tear a branch into two sub-branches, an action that the formers cannot, as we will discuss later. The combination (m, n) specifies the canonical in an unique way when g < 7; for larger genus g, degeneracies occur [Tsankov & Gilmore, 2004] . The spiral attractor is bounded by a genus-one torus whose canonical form is shown in Fig. 2 . To have the spiral attractor visited clockwise, we applied a rotation R y (π), that is, (x, y, z) ↦ (−x, y, −z) Toward a general procedure for extracting templates from chaotic attractors bounded by high genus torus 3 which does not modify the topology of the attractor. The interior circle of the bounding torus surrounds the saddle-focus point S − . Note that there is not always a singular point associated with each hole of the bounding torus since, for instance, there are chaotic attractors bounded by genus-one torus and which are solution to systems without any singular point [Jafari et al., 2013] . The first information provided by the canonical form of bounding torus is the number of components the Poincaré section must have: an attractor bounded by a genus-g (g ≥ 3) torus is characterized by a Poincaré section with g − 1 components. To genus-one bounding torus corresponds a single component Poincaré section. Components of the Poincaré section link the interior circles and the exterior boundary. Consequently, the spiral attractor can be studied using a single component Poincaré section defined as
where x − is the x-coordinate of the singular point S − . As introduced in [Gilmore & Letellier, 2007] , it is possible to introduce a normalized coordinate ρ n corresponding to the nth intersection with the Poincaré section: ρ n is normalized to the unit interval, and oriented from the interior circles to the exterior boundary. The first-return map of a genus-one attractor is thus within the unit square (Fig. 3) . As introduced by Poincaré, a first-return map allows to link the nth intersection to the (n + 1)th intersection. For chaotic attractors, the first-return map allows to define a partition between topologically inequivalent sub-spaces. In the case of a smooth unimodal first-return map as obtained for the spiral attractor, the increasing (decreasing) monotonic branch is order preserving (reversing) and, consequently, is associated with a branch presenting an even (odd) number of half-turns (π-twists) [Letellier et al., 1995] . Let us label these two monotonic branches by "0" and "1", respectively, the parity of these symbols being related to the parity of the number of half-turns the corresponding branches present [Letellier et al., 1995] . 
Symbolic dynamics
It is thus possible to convert any trajectory into a sequence of symbols according to
where ρ c = 0.54 is the ordinate of the critical point (the ordinate of the smooth maximum) of the first-return map shown in Fig. 3 . The sequence of symbols thus obtained defines a symbolic dynamics, that is, infinite or bi-infinite sequences defined by a shift-invariant constant on the finite-length sub-sequences [Hao, 1989] .
Definition 2.2. [Ghrist et al., 1997] Let α = {a 1 , ..., a N } be a set of N symbols. Denote by
Any period-p orbit embedded within the attractor is thus encoded by a periodic sequence of p symbols, p being the topological period of the orbit. For instance, orbit (1011) -parenthesis meaning that this is a periodic sequence infinitely repeated -is a period-4 orbit with three (one) intersections with the Poincaré section located in the decreasing (increasing) monotonic branch of the first-return map. It is possible to defined a transition matrix.
Definition 2.3. [Ghrist et al., 1997] Given T σ an N × N matrix in zeros and ones, the subshift of finite type associated with T σ in the dynamical system (Σ T , σ) where Σ T ⊂ Σ N is the set of admissible trajectories and σ is the shift map. The matrix T σ is known as the transition matrix for Σ T , since it specifies those transitions between symbols that are possible within a sequence.
In the case of the spiral attractor, as shown by the first-return map, the transition matrix is
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Template
The topological properties of the attractor are synthesized by a branched manifold, named template.
Definition 2.4. (Adapted from [Ghrist et al., 1997] ) A template is a compact branched two-manifold with boundary and smooth expansive semiflow built locally from three types of charts: splitting, tearing, merging and joining. Each chart (Figs. 4) carries a semiflow, endowing the template with an expanding semiflow, and gluing maps between charts must respect the semiflow and act linearly on the edges. A branch can virtually be split in two topologically inequivalent sub-branches to improve the readability of the template: it is virtual in the sense that the corresponding flow does not present such a split between the sub-branches. This process is represented by a "splitting chart". The edge of the splitting chart is associated with the critical point of the first-return map. A branch can be actually teared into two subbranches in the neighborhood of an interior polygon. Such a tearing can be indeed observed in the flow. This process is represented by a "tearing" chart (Fig. 4b) . Sub-branches can be unified into a single branch according to a "joining" chart ( Fig. 4c ) which necessarily requires a stretching and squeezing mechanisms. To represent the joining chart, we use the standard joining convention introduced by [Tufillaro et al., 1992] , and named by them standard insertion convention.
Definition 2.5. The standard convention to represent a joining chart is to squeeze the N branches from back (left) to front (right).
An example of non-standard and standard joining convention is shown in Fig. 5 . It should be noted that switching from a non-standard to a standard convention may induce supplementary permutations. [Tufillaro et al., 1992] .
Rather than joined, one can also imagine that the N branches are merged (Fig. 4d) as introduced in [Rosalie & Letellier, 2013] . In this case, there is no mixing property as induced by the joining chart. Joining chart is therefore a required ingredient to produce chaotic behaviors. The main interest of the merging chart is that it helps us to understand that the mechanism responsible for the chaotic nature of a trajectory is encoded, from the template point of view, in the joining chart.
The template for the spiral attractor ( Fig. 1) is made of one splitting chart, torsions and permutations applied to the N = 2 branches, and one joining chart (Fig. 6 ).
Splitting chart Torsions
Permutations Joining chart 
Linker and linking matrix
Definition 2.6. A linker is a sub-template at least describing torsions and permutations between the N branches of the template, and possibly including splitting chart and tearing charts, and one merging or joining chart.
The linker must be represented with the branches ordered according to the order they appear in the first-return map built on variable ρ n , that is, from the interior circle (left) to the exterior boundary (right).
Definition 2.7. A linker is said to be closed when it starts with a splitting or tearing chart and ends with one joining or merging chart. It is said inward (outward) open when there is no splitting nor tearing (no merging nor joining) chart. It is open when there is no chart, but only torsions and permutations between the N branches (Figs. 7) . Proposition 1. Representing the attractor in a such a manner that the flow is clockwise as used for the canonical form of bounding torus, ordering the branches according to the first-return map and using the standard joining convention, the topology of a genus-one chaotic attractor is described by an unique closed mixer. Torsions and permutations applied to the N branches of a linker are described by a linking matrix L.
Definition 2.8. A linking matrix L is a N × N matrix of integers such as L ii is the signed number of half-turns applied to the ith branch and L ij the signed number of permutations between the ith and the jth branches. Sign convention for torsions and permutations is shown in Fig. 8 . The linkers shown in Figs. 7 are described by the linking matrices as follows.
(1) Closed linker ( Corollary 2.1. According to proposition 1, a genus-one chaotic attractor is described by a unique closed mixer, that is, by a unique closed linking matrix L ∩ .
The template for the spiral attractor is thus described by the linking matrix
Linking numbers
Linking numbers are topological invariants which can be counted in a regular plane projection of two periodic orbits O and O ′ (here considered as knots): they are equal to the half-sum of the oriented "crossings", signed according to the convention shown in Fig. 8 [Tufillaro et al., 1992; Letellier et al., 1995] . From a linking matrix L ∩ , it is possible to predict the linking number between two periodic orbits O and O ′ [Le Sceller et al., 1994] . Let O and O ′ be a period-p and a period-p ′ orbits associated with the orbital sequences
respectively. The linking number between these two periodic orbits is
where N joining (O, O ′ ) counts the number of oriented crossings occurring in the joining chart. It can be determined from α, α ′ and L ∩ according to a procedure detailed in [Le Sceller et al., 1994] and whose details are out of the scope of this paper. In [Le Sceller et al., 1994] , N joining was designated as N ramification but, since it is necessarily related to the joining chart, it turns to be better named by N joining .
A template is validated when the linking numbers it predicts between pairs of periodic orbits are equal to those between the corresponding periodic orbits numerically extracted from the chaotic attractors [Tufillaro et al., 1992; Letellier et al., 1995; Gilmore & Lefranc, 2002] . The specific case of the spiral Rössler attractor is detailed in [Letellier et al., 1995] .
The genus-3 Lorenz attractor
Templates for some attractors bounded by genus-3 torus had already been established [Birman & Williams, 1983; Kocarev et al., 1994; Letellier & Gilmore, 2013] . They are much more difficult to handle than templates for genus-one attractor. In particular, their descriptions by linking matrices are not yet welldeveloped. Consequently, we will detail this aspect in the subsequent part of this paper, first with the help of the genus-3 Lorenz attractor.
The Lorenz differential equations [Lorenz, 1963] 
produce a so-called Lorenz attractor (Fig. 9a) for parameter values R = 28, β = 8 3 and σ = 10. This attractor is projected in the x-y plane where the flow is clockwise. It is bounded by a genus-3 torus, two interior circles -which can be associated with the two saddle-focus points
and one interior polygon surrounding the saddle singular point located at the origin of the phase space (Fig. 9b) . The Lorenz equations are equivariant under a rotation symmetry R z (π) which maps the left wing into the right wing, and vice versa. It was shown that the Poincaré section must have two components to properly compute the Lorenz map , a property now well-explained by bounding tori [Tsankov & Gilmore, 2004] . We will use in this work the two components defined as P
where x ± are the x-coordinates of the two symmetry related singular points S ± . When the first-return map to the Poincaré section is computed with ρ n left in the unit interval ]0; 1[, the Lorenz map is obtained . In order to develop a general method for characterizing attractors with multiple component Poincaré section, it is useful to distinguish the contribution of these different components. We thus used
where ρ A,n and ρ B,n are the ρ-coordinate of the nth intersection with the Poincaré section located in component C A and C B , respectively, and where I C is the indicator function where
Toward a general procedure for extracting templates from chaotic attractors bounded by high genus torus 9 This was implicitly used by [Byrne et al., 2004] . Variable ρ n is thus in the range ]0; 1[∪]1; 2[. The corresponding first-return map is shown in Fig. 10 : this is a four branch map. We labelled these branches according to their slope, "0" ("0") and "1" ("1") for the increasing (decreasing) branches. "0" ("1") designates the branch which is obtained by applying the rotation R z (π) to branch "0" ("1"). The symbol transition matrix is From the bounding torus (Fig. 9b) , it is seen that the trajectory from C A can go to C A or C B , and from C B to C B with itself and C A . A transition matrix T C between the components of the Poincaré section is thus
It is possible to consider the Lorenz attractor from two points of view. The first one considers the attractor as made of two parts, one being associated with the branches "0" and "1" issued from component C A , the second part being the symmetric of the first and is made of branches "0" and "1" arising from component C B . Let us designate these two parts as the two domains D A = {0, 1} and D B = {0, 1} where the subscript A ( B) means that the branches are coming from component C A (C B ). The second point of view is to consider the branches joined at a given component: we have thus D A = {0, 1} and D B = {1, 0} where A (B ) means that the branches are joined at component A (B). Since the mixing properties are induced by the joining chart, there is no other choice than using the second point of view to describe the attractor in terms of linkers (mixers). Our objective is now to describe the topology of the Lorenz attractor by two mixers, each of them being associated with the domains D A = {0, 1} and D B = {1, 0}, respectively. A template proposed for the Lorenz attractor is shown in Fig. 11 [Letellier and Gilmore, 2001] . From that template, we can see that there is one inward open mixer associated with each component of the Poincaré section. Mixer M A (M B ) corresponds to domain D A = {0, 1} (D B = {1, 0}). These mixers are described by the linking matrices
respectively. Matrices M A and M B describe torsions and permutations between branches "0" and "1" of domain D A and, branches "0" and "1" of domain D B , respectively. Branches are ordered in the "natural" order they occurs in each of the components C A and C B . Note that these two "natural" orders are the order that, for instance, branches "0" and "1" would have when they are drawn in the unit square using ρ A,n and ρ B,n (and not ρ n ). We have thus the natural order 0 1 (0 1) in domain D A = {0, 1} (D B ). 
The genus-5 multispiral attractor
To show that our procedure is quite general, we will investigate now a genus-5 multispiral attractor produced by a set of differential equations proposed by [Aziz-Alaoui, 1999] ⎧
where
is a piecewise linear function. With parameter values α = 14.6, β = 12, γ = 0.9, ξ 0 = 0, s 0 = 1, s 1 = 3, m 0 = −5 7, m 1 = −8 7 and m 2 = −0.7, the chaotic attractor obtained is projected in the x-y plane (Fig. 12) . The system (16) has three saddle-focus singular points and two saddle singular points (also shown in Fig.  12 ). This system is equivariant under an inversion symmetry. This attractor is bounded by a genus-5 torus with three interior circles and two interior polygons. The Poincaré section is made of four components C A , C B , C C , and C D . The component transition matrix is
Under the inversion symmetry, component
, and vice versa. The first-return map is built on variable
leading to a map plotted in a square whose side have four units in length (Fig. 14) . We will distinguish twelve monotonic branches in this map, encoded according to their slope by 0, 1, 3, 4, 5, 7, 0, 1, 3, 4, 5, and 7 . Symbols a are symmetry related to symbols a. Obtained from the first-return map, the symbol transition matrix 
We have four domains in the multispiral attractors defined as
where the branches are ordered according to the order they appear in each domain or, equivalently, in a single unit square using, for instance, variables ρ A,n for branch "3" and ρ B,n for branches "4" and "5" to order these three branches in the domain D B . To be more explicit, let be the nth intersection in branch "3" and the mth intersection in branch "4". We have thus ρ A,n > ρ B,m , meaning that, when joined in component C B , branch 3 is closer to the exterior boundary than branch 4. The orders specified for each domain are the "natural" orders to be used to order the periodic points in the corresponding component of the Poincaré section (see [Hao, 1989; Letellier et al., 1995] for details). The linking matrices must be written using these orders. From our symbol notations, it clearly appears that domain
, and vice versa. In order to extract our template, we proceeded as follows. We constructed each inward open linking matrix independently. Let us start for instance with the domain D A = {0, 1, 7}. In this domain, we first determined torsions and permutations between branches "0" and "1" which are both coming from component C C . Then, we determined torsions and permutations between branch 7 and the first two, "0" and "1". We proceeded in a similar way for domain D B = {4, 5, 3}. Linking matrices M C and M D are then obtained by applying the procedure to get the image of a linking matrix L under an inversion symmetry [Rosalie & Letellier, 2013] , that is,
where L is the symmetric of matrix L and L is the corresponding open linking matrix [Rosalie & Letellier, 2013] . We thus proposed the inward open linking matrices
where branches are ordered according the natural order in each domain.
under an inversion symmetry as detailed in [Rosalie & Letellier, 2013] . These four inward open mixers combined with the bounding torus induce a unique template (Fig. 15) and describe completely the topology of the multispiral attractor. The template is then validated using linking numbers as for instance for which the oriented crossings were predicted using linking matrices (22). The orbits are segmented according to which domain the orbit visit. The oriented crossings between segments of different orbits are counted independently in each domain, and then summed. In each domain, the usual procedure as described by [Le Sceller et al., 1994] is applied using the "natural" order defined in each domain. From the elements of the linking matrices, we obtained a balance of 41 negative crossings and 11, 3, 9, and 6 positive crossings were induced by the joining charts of components C A , C B , C C , and C D , respectively. These two orbits were numerically extracted (Fig. 16 ) and the oriented crossings counted in the x-y plane projection: we got −6 as predicted by our template.
Summary and conclusions
The topological analysis of attractors bounded by genus-g bounding torus A n whose holes (n being interior circles) are aligned, is as follows. First, for these tori, the genus is necessarily odd since n = m + 1. There are g − 1 components in the Poincaré section. The first-return map is computed from variable
where i designates the ith component. From the map, the N × N transition matrix T a is built, N being the number of monotonic branches in the first-return map. The (g − 1) domains are thus determined with their natural orders. Inward open linking matrix are then determined and the template is drawn. We thus proposed a general procedure to construct a template for attractors bounded by a bounding torus A n , A meaning that the interior holes are aligned, and n being the number of interior circles which can be arbitrarily large. In order to do that, we enriched the concept of linking matrix to have an adequate description by (g−1) linking matrices. By introducing a convention for representing clockwise the attractors, ordering the branches from the interior circles to the exterior boundary, and using the standard joining convention, the linking matrices induce an unique template. The case of attractors bounded by other types of torus (not necessarily aligned) is currently under considerations. 
